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Abstract
In this paper a new specialization of whist tournament is introduced, namely a directed–ordered whist tournament. It is
established that directed–ordered whist tournaments do not exist when the number of players; v, equals 4n and that directed
–ordered whist tournaments exist for all v= 4n+ 1. Several new (v; 5; 1) di erence families are given and are combined
with a construction of Buratti and Zuanni to produce Z-cyclic directed–ordered whist tournaments. In8nite families of
Z-cyclic directed–ordered whist tournaments are obtained by applying the product theorems of Anderson et al. to these
latter designs together with the classic whist construction of Baker which is shown to produce directed–ordered whist
designs. In addition many new examples of Z-cyclic directed whist tournaments and ordered whist tournaments are given.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A whist tournament design on v players is a (v; 4; 3) (N)RBIBD having the property that each block (a; b; c; d) can be
thought of as a game with players seated at a circular table in the given order. In such an arrangement one considers
the pair {a; c} to be a team (alt. a partner pair) opposing the team consisting of the (partner) pair {b; d}. The design is
required to satisfy the conditions that each player partners every other player exactly once and opposes every other player
exactly twice. Each (near) resolution class is called a round. Whist tournaments for v players, denoted Wh(v) are known
to exist for all v ≡ 0; 1 (mod 4) [5].
A Z-cyclic whist tournament is a special type of whist tournament wherein players are taken as elements in Z4n−1∪{∞}
if v = 4n or in Z4n+1 if v = 4n + 1. If v = 4n + 1, the Z-cyclic whist tournament has the property that round i + 1 is
obtained from round i by adding 1 (mod 4n + 1) to every element in round i. If v = 4n then addition is modulo 4n − 1
and ∞ + 1 =∞. An attractive feature of Z-cyclic designs is that the entire design can be constructed from any one of
its rounds. The round from which the design is generated is called the initial round of the design.
In 1996, Lu [16] introduced a specialization of whist tournaments which he called an ordered whist tournament. Lu
used ordered whist designs as a tool to construct a certain class of triplewhist tournaments. An ordered whist tournament
for v players, denoted by OWh(v), is de8ned to be a whist tournament in which each player opposes every other player
exactly once as a partner of the 8rst kind and exactly once as a partner of the second kind. These relationships are de8ned
as follows. In the game (a; b; c; d), a and c are said to be partners of the 8rst kind, while b and d are said to be partners
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of the second kind. In other words, partners of the 8rst kind sit in the N–S positions at a circular table while partners
of the second kind sit in the E–W positions. In [11], it is shown that OWh(v) do not exist for v = 4n, but do exist for
v= 4n+ 1, except, possibly, for v= 33. In Example 2, below, an OWh(33) is given thereby completing the spectrum of
ordered whist tournaments. The following theorem is proven in [11].
Theorem 1. If the initial round of a cyclic Wh(v), v = 4n+ 1 is given by the tables (ai; bi; ci; di), 06 i6 n− 1, where
ai; bi; ci; di are elements of an abelian group G, |G|= v, then the Wh(v) is ordered if and only if the di1erences
n−1⋃
i=0
{ai − bi; ai − di; ci − bi; ci − di}
cover every non-identity element of G exactly once.
Directed whist tournaments, denoted DWh(v), were introduced by Baker in 1975 [7]. A directed whist tournament is a
whist tournament that has the property that every player has every other player as an opponent on his left exactly once
and as an opponent on his right exactly once. It is a fact that cyclic DWh(v) cannot exist if v = 4n. Anderson [5] gives
the following condition for a cyclic Wh(v), v = 4n + 1, to be a cyclic DWh(v). If the initial round of the cyclic Wh(v)
is given by the tables
n−1⋃
i=0
(ai; bi; ci; di);
where ai; bi; ci; di are elements of an abelian group G, |G|= v, then the Wh(v) is directed if the di erences
n−1⋃
i=0
{bi − ai; ci − bi; di − ci; ai − di}
cover every non-identity element of G exactly once. These di erences are conventionally referred to as the 8rst forward
di erences. In Section 5, we demonstrate, via examples, that there exist whist tournaments that are directed but not ordered
and vice versa. As a consequence these two specializations of whist designs are distinct.
In this paper we introduce a new specialization of whist tournaments, namely a directed–ordered whist tournament.
Such designs are de8ned to be whist tournaments that are simultaneously directed and ordered. A directed–ordered whist
tournament on v players is to be denoted by DOWh(v).
Example 2. Below is the initial round of a DOWh(v) for v = 21, 33, 45:
v Base blocks
21 (3; 4; 11; 9), (1; 6; 18; 8), (5; 7; 20; 17), (2; 12; 16; 15),
(10; 13; 19; 14).
33 (1; 20; 7; 18), (29; 8; 11; 4), (5; 19; 25; 30), (17; 12; 14; 21),
(6; 16; 13; 2), (24; 9; 3; 26), (23; 32; 31; 22), (28; 10; 27; 15).
45 (1; 29; 19; 17), (26; 41; 30; 44), (2; 5; 10; 27), (21; 15; 31; 9),
(39; 40; 20; 6), (7; 13; 8; 34), (23; 32; 25; 16), (35; 12; 4; 3),
(43; 28; 36; 33), (38; 14; 18; 42), (37; 11; 22; 24).
2. Existence results
In this section, the existence of directed–ordered whist tournaments is investigated. Clearly DOWh(v) do not exist for
v = 4n since it is shown in [11] that OWh(v) do not exist for v = 4n. Thus it is suIcient to consider the existence of
DOWh(v), v = 4n+ 1.
Denition 3. For v ≡ 1 (mod 4), a Z-cyclic Wh(v) is said to be a Z-cyclic patterned starter Wh(v), denoted ZCPS-Wh(v)
if all the games of the initial round are of the form (a; b;−a;−b), a; b∈ Zv − {0}.
In [13], Ge and Zhu proved that every ZCPS-Wh(v) is an OWh(v). An analogous result holds when OWh(v) is replaced
by DWh(v).
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Theorem 4. Every ZCPS-Wh(v) is a DWh(v).
Proof. Let
⋃n−1
i=0 (ai; bi; ci; di) be the initial round games of a ZCPS-Wh(v). Because the design is a whist tournament,
the opponent di erences
⋃n−1
i=0 {±(ai − bi);±(ci − di);±(bi − ci);±(ai − di)} must cover every non-zero element of Z4n+1
exactly twice. Now this set of di erences can be written as two sets:
A=
n−1⋃
i=0
{ai − bi; ci − di; bi − ci;−(ai − di)}
and
B =
n−1⋃
i=0
{−(ai − bi);−(ci − di);−(bi − ci); ai − di}:
We claim that A and B give the same set of di erences. Indeed, since the tournament is a ZCPS-Wh(v), we have ci=−ai
and di =−bi for 06 i6 n− 1. Thus,
A=
n−1⋃
i=0
{ai − bi;−ai + bi; bi + ai;−ai − bi};
B =
n−1⋃
i=0
{−ai + bi; ai − bi;−bi − ai; ai + bi}:
Since A∪ B covers every non-zero element of Z4n+1 exactly twice and sets A, B produce the same set of di erences, one
concludes that the set B covers every non-zero element of Z4n+1 exactly once. Thus the 8rst forward di erences satisfy
the suIcient condition given above and the tournament is directed.
Corollary 5. If a ZCPS-Wh(v) exists, then so does a Z-cyclic DOWh(v).
If q = 4n + 3, 16 n¡ 125, is a prime then ZCPS-Wh(v), v = q2, are known to exist [15]. Also it is known that
ZCPS-Wh(v) exist whenever v is a product of primes all of which are congruent to 1 (mod 4) [18]. Applying Theorem 4,
one concludes that DOWh(v) exist for these values of v.
Example 6. The initial round of a ZCPS-Wh(49) which, by Corollary 5 is a DOWh(49), is given by the following
12 games:
(1; 2; 48; 47); (4; 34; 45; 15); (11; 32; 38; 17); (19; 37; 30; 12);
(8; 31; 41; 18); (6; 26; 43; 23); (16; 28; 33; 21); (9; 25; 40; 24);
(3; 44; 46; 5); (22; 36; 27; 13); (10; 35; 39; 14); (20; 42; 29; 7):
In [11] it is shown that, when v = 4n + 1 is a power of a prime, Baker’s whist construction [7] (see Theorem 7 for
Baker’s construction) is, in fact, an ordered whist construction. We now show that this construction is also a directed
whist construction.
Theorem 7. Let v=4n+1 be a power of a prime. Then if  is a primitive element of GF(v), the games ( i;  n+i ;  2n+i ;
 3n+i); 06 i6 n− 1, form the initial round games of a DWh(4n + 1). That is to say, Baker’s whist construction is a
directed whist design.
Proof. Since it is well known that Baker’s construction yields a whist design, it suIces to show that the 8rst forward
di erences (i.e. the 1-apart di erences) cover every non-zero element of GF(4n+1) exactly once. From the above initial
round games the 8rst forward di erences are
 i −  n+i =  i(1−  n);
 n+i −  2n+i =  n+i(1−  n);
 2n+i −  3n+i =  2n+i(1−  n);
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 3n+i −  i =  3n+i −  4n+i =  3n+i(1−  n); i = 0 : : : n− 1:
Now  n − 1 = 0, so it is clear that these di erences cover every non-zero element of GF(4n+ 1) exactly once.
Corollary 8. Let v = 4n+ 1 be a power of a prime. Then Baker’s whist construction yields a DOWh(v).
We now show that DOWh(v) exist for all v ≡ 1 (mod 4). Theorem 9 is an adaptation of a theorem due to Baker [7]
applied to DOWh(v).
Theorem 9. If there exists a PBD(v; K; 1) such that for each k ∈K there exists a DOWh(k), k ≡ 1 (mod 4) then there
exists a DOWh(v).
Proof. Let X be such that |X | = v. Let B denote a block of the PBD. Then |B| = k ∈K . Construct a DOWh(k) on the
elements of B labelling the rounds by the player that sits out. Let x∈X , since =1 for the PBD the union of all rounds
labelled x is the set X − {x}. Thus this union serves as the round of the DOWh(v) that omits x.
Theorem 10 (Bennett et al. [8]). Let v ≡ 1 (mod 4), v = 33. There exists a PBD(v; K; 1) where each k ∈K is a prime
power; k = 4n+ 1.
We now state our existence result for DOWh(v).
Theorem 11. DOWh(v) do not exist for v = 4n. If v = 4n+ 1, then there exists a DOWh(v).
Proof. For v=33, see Example 2. For other v=4n+1, there exists a PBD(v; K; 1) wherein each k ∈K is a prime power
of the form k=4s+1. However, by Corollary 8, a DOWh(k) exists if k=4s+1 is a prime power; therefore an application
of Theorem 9 completes the proof.
3. (v; 5; 1) Di)erence families
A (v; k; 1) optical orthogonal code (or OOC) can be viewed as a set of (v − 1)=(k(k − 1)) k element blocks whose
list of di erences covers each non-zero element of Zv at most once. If v ≡ 1mod k(k − 1), then the number of blocks
is (v − 1)=(k(k − 1)) and every non-zero element of Zv is covered; in this case the blocks are said to form a (v; k; 1)
di erence family, or DF. For more information on OOCs that are not DFs, see [19]. Recently, it has been shown in
[2] how certain types of (p:4:1) OOCs with p a prime ≡ 5 or 7 (mod 12) can frequently be used to obtain (5p:4:1) or
(7p; 4; 1) DFs, respectively.
In this section, we construct a number of cyclic (v; 5; 1) DFs for v ≡ 1mod 20, v6 1141, and v not prime. Lists of v
values for which such designs exist were given in [1,17], however in Remark 4.10.18 of [1], the three values 501, 681
and 801 were incorrectly given as known. The DFs here include both some unpublished cases mentioned in [1] and some
new designs. We classify these DFs into three di erent types.
3.1. Type 1: DFs with no multipliers for v6 221
Six of these are given in the next table. Three of them (v = 121; 161; 201) are also given in [4] or [14]; they are
examples of perfect di erence families (PDFs), which means that for any given base block (a1; a2; a3; a4; a5), whenever
j¿ i the di erence aj− ai (mod v) is always 6 (v− 1)=2. This property will be useful for constructing (v+2; 5; 1) OOCs
and (7(v + 2); 5; 1) DFs later.
v Base blocks
81 (0; 1; 5; 12; 26), (0; 2; 10; 40; 64), (0; 3; 18; 47; 53),
(0; 9; 32; 48; 68).
121 (0; 14; 26; 51; 60), (0; 15; 31; 55; 59), (0; 10; 23; 52; 58),
(0; 3; 36; 56; 57), (0; 7; 18; 45; 50), (0; 8; 30; 47; 49).
141 (0; 33; 60; 92; 97), (0; 3; 45; 88; 110), (0; 18; 39; 68; 139),
(0; 12; 67; 75; 113), (0; 1; 15; 84; 94), (0; 7; 11; 24; 30),
(0; 36; 90; 116; 125).
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161 (0; 19; 34; 73; 80), (0; 16; 44; 71; 79), (0:12; 33; 74; 78),
(0; 13; 30; 72; 77), (0; 11; 36; 67; 76), (0; 18; 32; 69; 75),
(0; 10; 48; 68; 70), (0; 3; 29; 52; 53).
201 (0; 1; 45; 98; 100), (0; 3; 32; 65; 89), (0; 4; 54; 70; 75),
(0; 6; 49; 69; 91), (0; 7; 58; 81; 95), (0; 8; 34; 72; 90),
(0; 9; 36; 77; 96), (0; 10; 35; 83; 94), (0; 12; 40; 79; 92),
(0; 15; 46; 76; 93).
221 (0; 1; 24; 61; 116), (0; 3; 46; 65; 113), (0; 4; 73; 89; 130),
(0; 6; 39; 50; 118), (0; 7; 66; 81; 94), (0; 8; 38; 64; 139),
(0; 9; 29; 80; 107), (0; 10; 35; 93; 135), (0; 12; 34; 52; 88),
(0; 14; 31; 63; 84), (0; 5; 77; 122; 124).
3.2. Type 2: DFs for v = q2, q prime
These can be found extremely quickly by computer, since for these values of v there is always some value m satisfying
m(q−1)=2=−1 (if q ≡ 1mod 4) or m(q−1)=2=1 (if q ≡ 3mod 4). For q=19; 29; 31, we take m=54, 14 and 235, respectively,
and give a few initial base blocks in the table below; the required base blocks are then obtained by multiplying these by
mi for 06 i ¡ (q− 1)=2, except the last block given for q=31 should only be multiplied by 1, 235 and 2352 (it remains
invariant when multiplied by 2353).
(q; v) Initial blocks
(19,361) (0; 1; 3; 19; 147), (0; 10; 75; 104; 236).
(29,841) (0; 1; 17; 50; 85), (0; 43; 120; 354; 786), (0; 5; 66; 206; 588).
(31,961) (0; 1; 7; 19; 45), (0; 24; 60; 230; 664), (0; 8; 47; 113; 867),
(1; 531; 388; 374; 628).
3.3. Type 3: DFs with other multipliers
For all these, we give an initial set of base blocks and a multiplier m of a given order; we also indicate which base
blocks remain invariant when multiplied by m (or in some cases, by −m if m has order 2). If m is of order t, then all
given blocks that do not remain invariant under multiplication by m, or −m should be multiplied by my for 06 y6 t−1.
These DFs are now classi8ed into tables according to the order of m. We start by giving two designs where m has
order 5; for v = 341; 781 take m= 4 and 5, respectively.
v Invariant blocks Other blocks
341 (1; 4; 16; 64; 256), (0; 1; 18; 91; 157), (0; 26; 51; 169; 285),
(3; 12; 48; 192; 86), (0; 5; 40; 170; 284).
781 (1; 5; 25; 125; 625), (0; 1; 7; 10; 145), (0; 38; 134; 489; 628),
(3; 15; 75; 375; 313), (0; 11; 52; 217; 429), (0; 21; 49; 133; 534),
(8; 40; 200; 219; 314), (0; 17; 65; 295; 649), (0; 22; 129; 288; 357),
(23; 115; 575; 532; 317). (0; 8; 26; 203; 399).
For the designs in the next table, m has order 2. For v = 261, 561, take m= 28 and 307, respectively.
v Invariant blocks Other blocks
261 (0; 9; 45; 72; 162), (0; 1; 6; 22; 149), (0; 3; 26; 184; 208),
(9; 63; 144; 29; 232), (0; 17; 64; 178; 219), (0; 7; 57; 130; 249),
(9; 252; 58; 174; 145). (0; 15; 52; 185; 228).
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561 (0; 33; 77; 187; 385), (0; 205; 20; 60; 503), (0; 224; 225; 234; 309),
(88; 253; 517; 51; 510), (0; 81; 203; 208; 526), (0; 368; 393; 464; 523),
(11; 22; 253; 255; 306), (0; 19; 211; 370; 433), (0; 216; 290; 410; 548),
(297; 154; 209; 102; 459), (0; 56; 371; 398; 527), (0; 172; 285; 361; 532),
(44; 264; 539; 153; 408), (0; 83; 106; 426; 494), (0; 152; 316; 453; 533),
(22; 44; 143; 204; 357). (0; 117; 166; 149; 553).
For our remaining designs with multipliers; m has order 3. Here, for all v except 481, the 8rst block given remains
invariant when multiplied by m; all other blocks should be multiplied by 1; m, and m2. For v=381; 441; 481; 741, 921 and
981, take m= 19; 67; 211; 178; 289 and 499, respectively.
v Initial blocks
381 (0; 127; 1; 19; 361), (0; 2; 5; 79; 245), (0; 4; 26; 101; 199),
(0; 25; 52; 137; 200), (0; 36; 66; 187; 331), (0; 65; 114; 198; 285),
(0; 8; 41; 130; 258).
441 (0; 147; 1; 67; 79), (0; 2; 5; 30; 113), (0; 6; 14; 141; 241),
(0; 9; 59; 164; 266), (0; 10; 23; 87; 409), (0; 18; 75; 262; 303),
(0; 4; 49; 143; 252), (0; 22; 137; 297; 401).
481 (0; 1; 5; 40; 145), (0; 2; 22; 101; 203), (0; 10; 130; 309; 448),
(0; 6; 15; 60; 222), (0; 11; 88; 106; 237), (0; 19; 65; 136; 371),
(0; 8; 49; 124; 160), (0; 14; 72; 209; 330).
741 (0; 247; 1; 178; 562), (0; 21; 51; 129; 188), (0; 111; 220; 435; 491),
(0; 2; 89; 151; 688), (0; 4; 26; 102; 201), (0; 125; 260; 416; 601),
(0; 31; 65; 114; 236), (0; 58; 68; 139; 299), (0; 105; 337; 360; 680),
(0; 15; 163; 473; 646), (0; 48; 141; 264; 367), (0; 90; 284; 519; 535),
(0; 6; 19; 150; 244).
921 (0; 307; 1; 289; 631), (0; 145; 521; 713; 843), (0; 73; 233; 711; 879),
(0; 21; 75; 131; 314), (0; 256; 457; 595; 869), (0; 2; 195; 349; 677),
(0; 152; 372; 463; 687), (0; 10; 49; 252; 618), (0; 15; 65; 213; 456),
(0; 5; 126; 539; 765), (0; 6; 302; 506; 547), (0; 7; 278; 444; 868),
(0; 19; 162; 186; 910), (0; 27; 859; 202; 434), (0; 48; 84; 360; 833),
(0; 64; 240; 398; 851).
981 (0; 327; 1; 499; 808), (0; 143; 546; 785; 878), (0; 66; 316; 746; 845),
(0; 187; 263; 449; 667), (0; 176; 220; 635; 929), (0; 3; 120; 451; 648),
(0; 25; 75; 102; 206), (0; 20; 49; 127; 507), (0; 33; 69; 122; 223),
(0; 55; 168; 527; 765), (0; 7; 310; 525; 570), (0; 9; 119; 362; 604),
(0; 10; 193; 219; 291), (0; 11; 290; 423; 583), (0; 15; 57; 364; 708),
(0; 30; 231; 289; 542), (0; 18; 593; 773; 908).
We conclude this section with a construction for (7v; 5; 1) DFs which makes use of (20t+3; 5; 1) OOCs. For any such
OOC, there is just one pair of values, ±x which do not occur as a di erence in any base block. In the next table, we
give some of these OOCs, together with the value of x.
(v; x) Base blocks
(23; 5) (0; 1; 7; 9; 20).
(43; 21) (0; 1; 5; 13; 15), (0; 3; 9; 20; 27).
(83; 34) (0; 1; 3; 20; 75), (0; 4; 10; 37; 52), (0; 13; 18; 39; 71),
(0; 14; 36; 43; 59).
(103; 49) (0; 1; 3; 14; 20), (0; 5; 21; 29; 60), (0; 18; 46; 53; 91),
(0; 23; 33; 67; 94), (0; 15; 40; 62; 66).
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(143; 38) (0; 1; 3; 77; 119), (0; 6; 26; 34; 99), (0; 15; 45; 63; 102),
(0; 4; 9; 55; 62), (0; 12; 22; 35; 106), (0; 16; 47; 107; 126),
(0; 14; 43; 54; 75).
It is not hard to see that the base blocks of a (20t + 1; 5; 1) PDF also give a (20t + 3; 5; 1) OOC with x = 10t + 1.
Thus for v = 123; 163; 203 one can obtain (v; 5; 1) OOCs from the PDFs given earlier for v = 121; 161; 201.
The next theorem represents our construction for (v; 5; 1) DFs using (v; 5; 1) OOCs.
Theorem 12. If a (20t + 3; 5; 1) OOC over Z20t+3 exists, then so does a (140t + 21; 5; 1) DF over Z7 × Z20t+3.
Proof. As before, let x and −x be the values that do not occur as di erences in any base block of the almost DF. For
each base block {a; b; c; d; e} in the almost DF, we construct seven base blocks in the new DF:
{(0; a); (z; b); (2z; c); (3z; d); (4z; e)} for 16 z6 6;
{(0; 2a); (0; 2b); (0; 2c); (0; 2d); (0; 2e)}:
Finally, add one extra base block: {(0; x); (0;−x); (1; 0); (2; 0); (4; 0)}.
It is not hard to verify that these blocks form the required (140n+ 21; 5; 1) DF over Z7 × Z20t+3.
When 20t + 3 is relatively prime to 7, the group Z7 × Z20t+3 is isomorphic to Z140t+21. This is the case for 20t + 3 =
23; 43; 83; 103; 123; 143 and 163; therefore we have the following theorem.
Theorem 13. If v∈{161; 301; 581; 721; 861; 1001; 1141} then a cyclic (v; 5; 1) DF exists.
For v ≡ 1mod 20 and v6 1001, cyclic (v; 5; 1) DFs are also known to exist for v=21 (the projective plane, PG(2; 4))
and for v prime [1]. Combining this result with the DFs in this section, we have the following theorem.
Theorem 14. If v ≡ 1mod 20, v6 1001 and v ∈ {321; 501; 621; 681; 801; 901} then a cyclic (v; 5; 1) DF exists.
4. Innite classes of Z -cyclic solutions
Using a product theorem of Anderson et al. [15] in conjunction with theorems developed in Section 2 it is possible
to generate several in8nite classes of Z-cyclic directed–ordered whist tournaments. The product theorem requires the
existence of a certain homogeneous (alt. good) (v; 4; 1) di erence matrix. A homogeneous (v; 4; 1) di erence matrix is a
4 × v array, such that each row is a copy of Zv and the set of di erences of any two rows equals Zv. It is known that
homogeneous (v; 4; 1) di erence matrices exist for (at least) the following cases: (1) gcd(v; 6) = 1, (2) if v= 4n+ 1 and
there exists either a Z-cyclic TWh(v) or DWh(v) and (3) v = 15; 21; 33; 39; 45; 51; 57; 69; 93; 105; 117; 129. The presence
of 45,57,69,93,105,117,129 in (3) follows from (2) and results of Ge and Lam [12] and Abel and Ge [3]. The following
theorem appears in [6].
Theorem 15. If there exists a Z-cyclic Wh(Pi), i = 1; 2, where Pi ≡ 1 (mod 4), and if there exists a good (P1; 4; 1)
di1erence matrix, then there exists a Z-cyclic Wh(P1P2). This Wh(P1P2) is a directed–ordered whist (directed, ordered,
ZCPS) if both Wh(Pi) are, provided in the ZCPS case, that 3 does not divide P1.
Now if p = 4n + 1 is a prime, then the primitive element , in Baker’s construction, is a primitive root of p and
GF(p) = Zp. Hence the construction yields a Z-cyclic whist tournament. This result is summarized in the following
theorem.
Theorem 16. If v = 4n+ 1 is a prime then Baker’s whist construction yields a Z-cyclic DOWh(v).
Theorem 16 when combined with Theorem 15 yields the following in8nite classes of Z-cyclic directed–ordered whist
tournaments.
Theorem 17. Let p= 4n+ 1 be a prime. Then for any non-negative integer &, there exists a Z-cyclic DOWh(p&).
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Proof. By Theorem 16 there is a Z-cyclic DOWh(p). Since gcd(p; 6) = 1 a homogeneous (p; 4; 1) di erence matrix
exists, consequently recursive applications of Theorem 15 produce a Z-cyclic DOWh(p&).
Theorem 18. Let pi, i= 1; : : : ; n be primes such that pi ≡ 1 (mod 4). Then for all non-negative integers &1; : : : ; &n there
exists a Z-cyclic DOWh(v) where v = p&11 p
&2
2 · · ·p&nn .
Proof. By Theorem 17 we have a Z-cyclic DOWh(p&ii ) for each i, i = 1; : : : ; n. Now gcd(p
&i
i ; 6) = 1, hence a
homogeneous (p&ii ; 4; 1) di erence matrix exists. Thus recursive applications of Theorem 15 produce a Z-cyclic
DOWh(p&11 p
&2
2 · · ·p&nn ).
Theorems 17 and 18 also follow from Theorem 4 and the results of Watson [18].
In [9], Buratti and Zuanni introduce a new type of design called a (resolvable) Perfect Cayley Design. They demonstrate
that Z-cyclic directed whist tournaments are a special case of Perfect Cayley Designs. Indeed they construct several speci8c
Z-cyclic DWh(v), v=4n+1 that are the 8rst known examples of Z-cyclic DWh(v), or of Z-cyclic Wh(v), for that matter,
of these orders. The major theorem of Buratti and Zuanni that is of primary interest here is presented below as Theorem
19. For a complete description of the construction see their paper [9]. For our purposes, it suIces to know that Z-cyclic
DWh(v), v=4n+1, are speci8c examples of Perfect Cayley Designs [9]. Thus since every DOWh(v) is certainly directed
(and simultaneously ordered), every DOWh(v) is also a Perfect Cayley Design.
Theorem 19 (Buratti and Zuanni [9]). Let G and H be groups of orders v and k, respectively. If there exists a (G; N; kt+
1; 1)-DF, a (kt + 1; H; 1)-RPCD and a (N;H; 1)-RPCD then there exists a (G;H; 1)-RPCD which is decomposable into
(kt + 1; H; 1)-RPCDs.
In the previous theorem, to say that the (G;H; 1)-RPCD is decomposable into (kt + 1; H; 1)-RPCDs means that the
constructed design consists entirely of subdesigns which have the properties of the ingredient (kt + 1; H; 1)-RPCD. Since
every Z-cyclic DOWh(v) is, in fact, a (4t + 1; Z4; 1)-RPCD, if a Z-cyclic DOWh(v) is the ingredient design for Theorem
19, then the constructed design would be a directed–ordered whist tournament. We summarize this result in the following
corollary which is analagous to Corollary 4.3 found in [9].
Corollary 20. If there exists a (Zv; 4t + 1; 1)-DF and a Z-cyclic DOWh(4t + 1), then there exists a Z-cyclic DOWh(v)
decomposable into DOWh(4t + 1)s.
Proof. Apply Theorem 19 with G = Zv, H = Z4, N = {0} (in which case the (N;H; 1)-RPCD can be ignored) and use
the fact that every Z-cyclic DOWh(4t + 1) is a (4t + 1; Z4; 1)-RPCD.
Theorem 21. Let v∈ S = {p : p is a prime, p ≡ 1 (mod 20)}∪ T where T = {21; 81; 121; 141; 161; 201; 261; 301; 341; 361;
381; 441; 481; 561; 581; 721; 741, 781; 841; 861; 921; 961; 981; 1001; 1141}. Then there exists a Z-cyclic DOWh(v) decom-
posable into DOWh(5)s.
Proof. If v∈{p : p is a prime, p ≡ 1 (mod 20)}, the (Zv; 5; 1)-DF is guaranteed by Chen and Zhu [10]. For v = 21
the DF is given by the single base block (0; 1; 4; 14; 16). For all other v∈ T , the (Zv; 5; 1)-DF is given in Section 3. The
required Z-cyclic DOWh(5) is given by the initial round (1; 2; 4; 3).
The following examples were constructed by applying the Buratti–Zuanni construction together with the appropriate DF
in Theorem 21 and the Z-cyclic DOWh(5) given in the proof of Theorem 21.
Example 22. The initial round games of a Z-cyclic DOWh(81):
(1; 5; 26; 12); (4; 11; 80; 25); (7; 21; 77; 76); (14; 69; 74; 70); (55; 56; 67; 60);
(2; 10; 64; 40); (8; 38; 79; 62); (30; 54; 73; 71); (24; 41; 51; 43); (17; 19; 57; 27);
(3; 18; 53; 47); (15; 44; 78; 50); (29; 35; 66; 63); (6; 34; 52; 37); (28; 31; 75; 46);
(9; 32; 68; 48); (23; 39; 72; 59); (16; 36; 58; 49); (20; 33; 65; 42); (13; 22; 61; 45):
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Example 23. The initial round games of a Z-cyclic DOWh(141):
(33; 60; 92; 97); (27; 64; 108; 59); (37; 32; 114; 81); (136; 44; 104; 77); (49; 82; 5; 109);
(3; 45; 110; 88); (42; 85; 138; 107); (43; 65; 99; 96); (22; 53; 98; 56); (31; 34; 119; 76);
(18; 39; 139; 68); (21; 50; 123; 121); (29; 100; 120; 102); (71; 73; 112; 91); (2; 20; 70; 41);
(12; 75; 113; 67); (63; 55; 129; 101); (133; 38; 78; 66); (46; 74; 8; 86); (28; 40; 95; 103);
(15; 84; 94; 1); (69; 127; 126; 79); (58; 10; 72; 57); (93; 140; 83; 14); (47; 62; 48; 131);
(24; 30; 11; 7); (6; 124; 117; 128); (118; 122; 135; 111); (4; 134; 23; 17); (130; 13; 137; 19);
(36; 90; 125; 116); (54; 80; 105; 89); (26; 35; 87; 51); (9; 25; 115; 61); (16; 52; 132; 106):
Example 24. The initial round games of a Z-cyclic DOWh(161):
(140; 14; 133; 84); (35; 105; 21; 154); (70; 119; 126; 147); (49; 77; 91; 56); (28; 7; 112; 42);
(63; 43; 158; 135); (141; 72; 98; 95); (92; 115; 20; 118); (23; 26; 69; 89); (3; 66; 138; 46);
(1; 30; 88; 101); (29; 100; 160; 87); (71; 58; 132; 131); (148; 60; 90; 61); (73; 74; 13; 103);
(93; 53; 134; 55); (121; 123; 68; 41); (2; 81; 40; 108); (79; 106; 159; 38); (27; 120; 82; 80);
(24; 76; 19; 9); (52; 146; 137; 156); (94; 104; 109; 85); (10; 152; 6; 15); (142; 5; 151; 57);
(116; 99; 65; 124); (144; 8; 45; 110); (25; 127; 17; 62); (102; 37; 136; 153); (96; 51; 59; 34);
(47; 122; 111; 78); (75; 31; 114; 64); (117; 150; 86; 39); (33; 83; 44; 130); (50; 97; 128; 11);
(139; 145; 157; 32); (6; 54; 22; 18); (48; 12; 155; 16); (125; 129; 113; 107); (4; 143; 36; 149):
In8nite families of Z-cyclic DOWh(v) can be obtained by recognizing that homogeneous (v; 4; 1) di erence matrices
exist for each v∈ S where S is the set given in Theorem 21.
Theorem 25. Let v be an arbitrary product of elements from the set S of Theorem 21. Then there exists a Z-cyclic
DOWh(v).
Proof. Apply Theorem 15 recursively.
5. Some new Z -cyclic solutions
In this section some new Z-cyclic DWh(v) and new Z-cyclic OWh(v) are given. In addition to being the 8rst known
examples of Z-cyclic DWh(v) or OWh(v) for the orders presented, these solutions serve to demonstrate that directed whist
is a specialization distinct from ordered whist and vice versa. To wit, the OWh(57) presented below cannot be arranged
to produce a DWh(57) nor can the given DWh(57) be arranged to produce an OWh(57). Similar comments apply to the
other cases.
Example 26. The initial round of an OWh(57):
(22; 41; 46; 32); (18; 24; 19; 12); (4; 25; 29; 51); (54; 52; 48; 17); (9; 43; 5; 6);
(11; 10; 1; 13); (55; 16; 42; 21); (31; 34; 50; 23); (3; 27; 44; 35); (36; 14; 38; 53);
(33; 20; 40; 47); (26; 8; 49; 37); (2; 30; 45; 15); (56; 28; 39; 7):
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Example 27. The initial round of an OWh(69):
(10; 59; 34; 20); (11; 17; 18; 8); (63; 9; 65; 40); (1; 62; 19; 15); (29; 33; 55; 23);
(21; 30; 54; 26); (5; 32; 49; 67); (44; 56; 3; 39); (16; 58; 27; 66); (53; 4; 52; 7);
(35; 64; 48; 37); (6; 36; 38; 41); (57; 42; 51; 22); (60; 68; 46; 47); (43; 25; 14; 2);
(28; 61; 13; 45); (24; 31; 12; 50):
Example 28. The initial round of an OWh(77):
(28; 48; 9; 12); (13; 66; 73; 39); (31; 38; 2; 25); (11; 32; 14; 6); (5; 40; 61; 42);
(36; 64; 20; 68); (53; 67; 33; 43); (63; 71; 16; 1); (10; 8; 72; 76); (62; 59; 17; 26);
(15; 69; 23; 75); (44; 60; 22; 49); (51; 3; 56; 4); (34; 35; 65; 21); (70; 24; 52; 58);
(30; 41; 55; 29); (50; 18; 27; 46); (37; 19; 74; 54); (7; 47; 45; 57):
Example 29. The initial round of a DWh(57):
(20; 4; 53; 52); (12; 18; 46; 54); (6; 9; 2; 25); (13; 39; 35; 33); (40; 41; 15; 31);
(17; 49; 10; 22); (26; 47; 34; 7); (45; 24; 1; 55); (48; 30; 50; 44); (5; 38; 8; 19);
(29; 36; 14; 16); (37; 28; 42; 27); (51; 56; 23; 11); (21; 43; 3; 32):
Example 30. The initial round of a DWh(69):
(40; 45; 16; 15); (58; 64; 59; 49); (35; 38; 25; 6); (4; 2; 67; 24); (27; 28; 32; 66);
(54; 65; 11; 23); (55; 46; 30; 48); (17; 53; 21; 42); (57; 12; 5; 68); (13; 60; 36; 63);
(31; 44; 52; 3); (62; 41; 43; 7); (8; 50; 20; 34); (10; 26; 61; 33); (51; 39; 22; 19);
(47; 29; 14; 37); (1; 18; 56; 9):
Example 31. The initial round of a DWh(77):
(6; 75; 36; 46); (11; 57; 71; 16); (22; 29; 65; 21); (14; 35; 17; 2); (4; 39; 32; 76);
(27; 55; 25; 59); (30; 72; 24; 13); (40; 48; 63; 41); (1; 5; 69; 60); (10; 12; 61; 44);
(45; 19; 58; 34); (73; 23; 20; 43); (38; 51; 26; 50); (31; 15; 56; 54); (33; 49; 52; 7);
(3; 70; 66; 9); (74; 47; 28; 68); (37; 8; 64; 18); (42; 67; 53; 62):
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